[1] A solution to the problem of propagation of a radio wave pulse in isotropic and gyrotropic cold collisional plasmas has been found. The solution is not based on calculation of the Fourier integral and provides an analytical description of the spatial-temporal evolution of characteristics of radio wave pulses with an initial envelope of a rather general form, including pulses with a linear frequency modulation. Expressions for the velocity of propagation of radio wave pulses in isotropic and gyrotropic plasmas have been obtained in the explicit form. INDEX
Introduction
[2] The problem of description of distortions of radio wave pulses in the media with dispersion was posed about a century ago [Brillouin, 1914; Sommerfeld, 1914] and still remains vital because of its practical significance. A special place in this field of research is occupied by the problems of propagation of radio wave pulses through the ionosphere. The works on this subject involve analysis of the data obtained by performing, analytically or numerically, inverse Fourier transformation of the current frequency spectrum of a propagating signal. In some investigations magnetic field is ignored [Denisov, 1951; Gershman, 1952; Ginzburg, 1967; Kozaki and Mushiake, 1969; Tyorina, 1967 Tyorina, , 1972 Wait, 1965; Wait and Spies, 1966; Zhekulin, 1938] , and in some studies it is taken into account [Bahar and Agraval, 1979; Brookner, 1978; Chang and Helliwell, 1980; Yen, 1972, 1973; Kalluri, 1989; Kozaki and Mushiake, 1970; Kretov et al., 1991; Zhang and Tschu, 1987] (see also the review of McIntosh and Malaga [1980] ). The majority of the authors use a narrowband signal approximation which allows one to considerably simplify analysis of distortions of, as a rule, Gaussian or rectangular pulses, but with appreciable restrictions on parameters of the problem. The usual practice is also to use a collisionless plasma approximation. In the case of wideband pulses used in communication, radar, and sensing of the environment, such restrictions are inapplicable, and the inverse Fourier transformation can be performed
is valid, and the first term in the left-hand side of equation (6) can be neglected. Note that inequalities (8) and (9) are also fulfilled for wideband pulses [Varakin, 1970] and their special case, i.e., pulses with a linear frequency modulation. Therefore estimate (10) is valid for these pulses as well. [6] Since the position and velocity of an electron cannot change instantaneously, the conditions P (z ; 0) = 0 ∂P ∂t t =0 = 0
are fulfilled in cold plasma at the moment of arrival of the pulse at point z . Then the solution of equation (7) is given by
Let us substitute solution (12) into equation (6). If we take into account estimate (10), the equation for the pulse envelope A(z ; t) acquires the form
By applying the Laplace transformation with respect to variable t to equation (13), we get
The designations we use here are
is the Laplace image of the initial envelope; δ = δ(z ) = ω 2 0 z /2c; ω 2 0 = 4πe 2 N/m; ω0 is the plasma frequency; and it is assumed that A(z ; 0) = 0. It is evident that the latter condition is fulfilled for the pulse whose initial envelope is zero at t = 0 [7] By performing inverse Laplace transformation, we obtain
is the Bessel function here and in what follows.
[8] The solution of equation (15) is written for the initial envelopes which will be used below as examples to illustrate the character of distortions of radio wave pulses in a cold isotropic plasma. A biexponential pulse with the envelope in the form (A0; α; β are the numbers)
is a good approximation for pulses with different steepness of the leading and trailing edges. By substituting equation (16) into equation (15) and changing the variable µ = θ/t in the obtained expression, we get
where the α-dependent term is written as
and the term that depends on parameter β is obtained from equality (18) by replacing α by β.
[9] The initial envelope of the so-called sine wave pulse is given by
Let us present the envelope (19) in the form
where
and substitute equation (20) into equation (15). By performing the operations similar to those described above, we obtain the expressions for a deformable sine wave pulse
Let us now derive the solution of the problem for a rectangular pulse
whose distortions, according to equation (23), are described by
In order to obtain the f (z ; t ) function, it should be borne in mind that when α → 0 and β → ∞ simultaneously, the bi-exponential pulse transforms into a step pulse of height A0, the value of A remaining zero at t = 0. By performing appropriate transformations in equations (17) and (18), at t > 0 we get the envelope of a step pulse in the form (A0 = 1)
When t increases, the problem on the incidence of a step pulse on a semi-infinite homogeneous medium transforms into the problem on propagation of a plane wave in a homogeneous medium. Let us demonstrate that solution (25) satisfies this requirement. Let us again turn to solution (15), which for a step pulse acquires the form
It is easy to see that relations (25) and (25a) are equivalent. Let t → ∞ in equation (25a). In this case the integral in the left-hand side reduces to the tabulated one. Its calculation gives (dashed lines); 1, z = 100 km, δtp = 5.5 × 10 6 ; 2, z = 1000 km, δtp = 5.3 × 10 7 ; 3, z = 200 km, δtp = 1.06 × 10 8 ).
Here, τ = γ(ω)z is the optical depth, and γ(ω) = ω 2 0 ν/ω 2 c is the absorption coefficient of the plasma with respect to power at the carrier frequency (at ν ω). The first term in equation (25b) describes a decrease in the amplitude of the plane wave, and the second term describes an increase in the phase of the plane wave when it passes a distance z [Ginzburg, 1967] , which is what we set out to prove.
[10] Analysis of the literature on propagation of radio wave pulses in plasma has revealed, among other things, that a pulse with a rectangular envelope is most frequently considered as an initial pulse. For this reason, major attention will be given below to this type of pulses. Figures 1 and 2 differ only by the durations of the rectangular pulses; the parameters of the medium are taken to be approximately corresponding to the conditions in the ionosphere [Kirillov and Kopeikin, 2003] . In combination, they illustrate the character of distortions of a pulse caused by, in addition to tp, the path length and the absorption effect. At tp = 10 −4 s (Figure 1 ), the shape of the envelope remains close to a rectangular one up to considerable distances from the source (∼2000 km), and its distortions manifest themselves in oscillations in the field magnitude about an average level determined by the optical depth of the path. Elongation of the path is accompanied by an increase in the relative amplitude and characteristic period of the oscillations. As the pulse becomes shorter by an order of magnitude, all other conditions being equal (Figure 2 ), the character of distortions of the envelope appreciably varies and manifests itself now, first of all, in a pronounced deformation of the leading and trailing fronts. The fronts gradually spread, and beginning from some distance the pulse cannot be regarded as rectangular. From the point of view of the spectral representation, the change in the character of distortions of the envelope should be attributed to broadening of the spectrum of the emitted pulse, so that within its limits the frequency dependences of the refractive index and absorption coefficient of the medium become appreciably different from the linear ones. The effect of the rectangular pulse duration on its distortions can be understood in more detail from Figure 3 , in which curves |A| 2 are compared for four magnitudes of tp at the same temporal scale, all other conditions being equal. Figure 3 also shows that the velocity of propagation of the pulse in plasma is appreciably lower than the velocity of light and that the velocity of propagation of the leading edge of the rectangular pulse is not determined by the pulse duration. Let us derive an analytical expression for the pulse propagation velocity. To this end, we use solution (25). We compute the integral in equation (25) by parts successively an infinite number of times using the known relation for Bessel functions
As a result, we get
We assume that inequality 2 δtp 1 is fulfilled, which is typical of ionospheric paths (see the caption to Figure 1) , and use the asymptotic representation of the Bessel function at large values of the argument [Korenev, 1971] 
After substitution of equation (28) into equation (27) and summation of the series obtained in this way, the expression for A(z ; t ) acquires the form
It follows from equation (29) that on the z axis the pulse is concentrated in the vicinity of the point to which the minimum of the modulus of the radicand in the denominator of the right-hand side corresponds. The coordinate of this point satisfies the condition
from which we infer that the leading edge of the rectangular pulse propagates with the velocity
According to equation (31), the effect of collisions can exert an influence on the propagation velocity if magnitudes of ν are comparable to the carrier frequency, i.e., only under the conditions when the propagating pulse is strongly absorbed. For the parameters of the medium and pulse indicated in the captions to Figures 1-3 , the inequality ω 2 ν 2 is fulfilled. In this case we have
It follows from equation (32) that at a constant path length, all other conditions being equal, the delay time of a pulse, as compared with a hypothetical case of its propagation with the velocity of light, increases with decreasing carrier frequency and increasing electron concentration. Along with this, solution (25) takes into account the change in the envelope at the end of the path caused by variations in the parameters f and N indicated (Figures 4 and 5) .
[11] Figures 6 and 7 illustrate the character of distortions of a bi-exponential pulse (see equation (16)) and sine wave (see equation (19)) pulse for the parameters of the problem given in the caption to Figure 2 . Comparison of the curves shown in Figures 6 and 7 with the curves presented in Figure 2 leads to the conclusion that in the case of propagation under similar conditions distortions of both the biexponential and sine wave pulses manifest themselves to a much lesser degree. From the point of view of the spectral representation, a reduction in their distortions is naturally interpreted as the consequence of narrowing of the pulse spectrum due to smoothing of its initial envelope. 
Propagation of a Pulse in a Gyrotropic Plasma
[12] Propagation of a pulse in a gyrotropic plasma is described by a vector wave equation Figure 6 . Distortions of a bi-exponential pulse in an isotropic plasma (A0 = 3.07; α = 4; β = 10; tp = 10 −5 s; f = 10 MHz; N = 10 5 cm −3 ; f0 = ω0/2π = 2.84 MHz; ν = 10 3 s −1 (solid lines) and 10 4 s −1 (dashed lines); z = 100 km (1), z = 1000 km (2), and z = 2000 km (3)). (dashed lines); z = 100 km (1), z = 1000 km (2), and z = 2000 km (3)).
where E is the vector of the electric field strength, and P is the vector of polarization of a unit volume of the medium. In the framework of the model of the medium with free charges [see, e.g., Ginzburg, 1967; Pamyatnykh and Turov, 2000] , P is determined by a combined action of electric and magnetic fields
where H0 is the strength of the homogeneous magnetic field in the medium, and the remaining designations were introduced above. The solution of the system of equations (33) and (34) is also found in the approximation of a long pulse (equation (8)). The particular form of the solution is determined by the magnitude of the angle formed by the vectors of the propagation direction and magnetic field direction. We introduce the coordinate system (x, y, z) with the unit vectors i0; j0; k0 and assume that the pulse propagates along the z axis. The magnetic field is also along the z axis, so that H0 = k0H0. The plane wave incident on the boundary of the half-space z ≥ 0 is specified as
A(0; t) is the vector envelope of the pulse at z = 0.
[13] By analogy with equation (4), the field E in the medium will be sought in the form
where A(z; t) = i0Ax(z; t) + j0Ay(z; t). [14] In equations (33) and (34), variables are changed (equation (5)). By analogy with equations (6) and (7), we obtain
Let us compare moduli of the first and third terms in the left-hand side of equation (37). If inequalities (8) and (9) are fulfilled, we have
and the first term in the left-hand side of equation (37) can be neglected.
[15] If the pulse propagates along the magnetic field, P = i0Px + j0Py, and equation (38) is equivalent to a system of two scalar equations of the form
For a cold gyrotropic plasma, at the moment of arrival of the pulse at point z , the conditions Px(z ; 0) = Py(z ; 0) = 0
similar to conditions (11) for an isotropic plasma are fulfilled. Let us substitute the solution of the system of equations (40) and (41) (40), we obtain the system of equations for the components of the envelope Ax(z ; t ) and Ay(z ; t ) (ωH = |e|H0/(mc) is the gyrofrequency for electrons)
The solution of the system of equations (43) and (44) is found by the operational method. We omit rather cumbersome intermediate calculations and give the final result
In the vector form, the obtained solution is presented as
and the expression for Ae(z ; t ) is obtained from the expression for A0(z ; t ) if +ωH is replaced by −ωH in the righthand side of equation (48). The result (equation (47)) implies that the pulse that propagates along the magnetic field is the sum of two circularly and counter polarized pulses. According to the terminology used in the theory of plane waves in plasma [Ginzburg, 1967; Pamyatnykh and Turov, 2000] , these pulses can be defined as an ordinary and extraordinary pulse. Their projections on the x axis were denoted above as Ao(z ; t ) and Ae(z ; t ), respectively.
[16] Let us illustrate the obtained solution for distortions of a bi-exponential pulse (equation (16)) as an example. By substituting the envelope (16) into equation (46) and (47) and changing in the obtained expressions the variable µ = θ/t , we obtain
Ay(z ; t ) = Ay(z ; t ; α) − Ay(z ; t ; β)
where the α-dependent terms are given by
and the terms that depend on parameter β are obtained from equalities (51) and (52) by substituting α by β in them.
The process of decay of the initial bi-exponential pulse for the case when the signal is received at the electric dipole oriented along the x axis (see equation (49)) is shown in Figure 8 . At first the ordinary and extraordinary pulses mutually interfere, so that the observed envelope (curve 2) can appreciably differ from the initial one (curve 1). As the pulses propagate deeper into the medium, they become fully separated; the extraordinary pulse follows the ordinary one, the lag becoming larger and larger and absorption becoming relatively stronger (curves 3). Manifestation of the Faraday effect in the case when a linearly or circularly polarized pulse is incident on a gyrotropic medium is a subject of separate study because its action will be limited in time and space by a full separation of the initial pulse into two pulses.
[17] Analytical expressions for the velocities of propagation of the ordinary and extraordinary pulses can be obtained on the basis of any terms entering the expressions for Ax and Ay (see equations (49) and (50)). Let us use, for instance, equation (51) for the term Ax(z ; t ; α). We compute the integrals in equation (51) by parts successively an infinite number of times using relation (26). As a result, we get
We again assume that inequality 2 δtp 1 is fulfilled (see caption to Figure 8 ) and use the asymptotic representation (28). After substitution of equation (28) into equation (53) and summation of the series, the expression for Ax(z ; t ; α) acquires the form Figure 8 . Decay of a bi-exponential radio wave pulse in a cold gyrotropic plasma (N = 10 5 cm −3 ; ν = 10 3 s −1 ; f0 = ω0/2π = 2.84 MHz; H0 = 0.5 Oe; f = 10 MHz; tp = 10 −4 s; α = 4; β = 10; A0 = 3.07); curve 1, the initial envelope (z = 0); curve 2, z = 800 km; δtp = 4.24 × 10 7 ; curves 3, ordinary (a) and extraordinary (b) pulses; z = 2000 km; δtp = 1.06 × 10 8 ).
exp(−(ν − α/tp − iωH + iω)t )× cos(2 √ δt − arctan((ν − α/tp − iωH + iω) t δ ) − π 4 ) 1 + (ν − α/tp − iωH + iω) 2 t δ
It follows from equation (54) that on the z axis the pulse is concentrated in the vicinity of two points to which the minima of the moduli of the radicands in the denominators of the right-hand side correspond. The coordinates of these points satisfy the condition
from which we infer that the ordinary pulse propagates with the velocity Vo = c/(1 + 0.5ω
and the extraordinary pulse propagates with the velocity Ve = c/(1 + 0.5ω
[18] For the parameters of the medium and pulse given in the caption to Figure 8 
At ωH = 0, equations (58) and (59) 
Conclusions
[19] Thus solution of the problem of propagation of a radio wave pulse in isotropic and gyrotropic cold collisional plasmas has been found in the paper. The solution is not based on calculation of the Fourier integral and provides an analytical description of the spatial-temporal evolution of characteristics of radio wave pulses with an initial envelope of rather a general form, including pulses with a linear frequency modulation. Expressions for the velocity of propagation of radio wave pulses in isotropic and gyrotropic plasmas have been obtained in the explicit form.
